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A HOLOMORPHIC REPRESENTATION OF THE
MULTIDIMENSIONAL JACOBI ALGEBRA
STEFAN BERCEANU
Abstract. We present a holomorphic representation of the Jacobi algebra
hn⋊sp(n,R) by first order differential operators with polynomial coefficients
on the manifold Cn ×Dn. We construct the Hilbert space of holomorphic
functions on which these differential operators act.
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2 STEFAN BERCEANU
Introduction
The coherent states (CS), invented by Schro¨dinger in the early days of quantum
mechanics, offer a bridge between quantum and classical physics, see e.g. [63, 79, 1]
and references therein. On the other hand, the group-theoretic generalization [62]
from the standard Glauber’s field CSs (attached to the Heisenberg-Weyl (HW)
group) to coherent states associated to any Lie group, attracted mathematicians,
as a convenient way to representation theory and quantization [17]. Today, one
speaks about CS-type groups [53, 58], a class of groups which contains all compact
groups, all simple hermitian groups, certain solvable groups and also mixed groups
such as the semidirect product of the HW group and the symplectic group. The
latter, called after Eichler and Zagier Jacobi group [29], captured the interest of
mathematicians working in representation theory (e.g. Satake [69], Berndt and
Schmidt [21] and Neeb [58]), and automorphic forms (e.g. Ka¨hler in his last three
papers [43, 44, 45]). Independently, the Jacobi group has already been studied by
physicists under the name of Schro¨dinger or Hagen group in the seventies [60, 36].
On the other hand, the Jacobi group governs the so called squeezed states in
Quantum Optics. I shall point out in several places below these parallel contexts
in which the Jacobi group appears.
The aim of this paper is to study holomorphic representations of the Jacobi
group on a certain homogeneous Ka¨hler manifoldM attached to the group. Propo-
sitions 3.11 and 3.12 express our main results. Strictly speaking, mathematicians
have produced general schemes [69, 58] from which, some of the formulas presented
here should be obtained as particular cases. From this point of view, the paper
addresses mainly to a reader more familiar with the methods of the Theoretical or
Mathematical Physics, who does not want to read hundreds of pages to know what
the CS-groups really are, but who needs explicit formulas, like those presented by
our Remark 3.1. Such formulas are useful when studying the equations of motion
on M generated by Hamiltonians which are algebraic functions in the generators
of the group [18, 8, 9], here the Jacobi group. However, while the scalar product
or the reproducing kernel (3.26), related to the Ka¨hler potential on M , is known
[58], as far as we know, the resolution of unity (3.48) has not been written down
explicitly for this case. The formulas furnished by the Propositions 3.11, 3.12 can
be used for Berezin’s quantization [17]. Remark 3.10 shows the equivalence of the
present approach with the similar theorems obtained in reference [29].
The starting point of the story is generally considered to be the Segal-Bargmann-
Fock realization [2] a 7→ ∂∂z ; a+ 7→ z of the canonical commutation relations (CCR)
[a, a+] = 1 on the symmetric Fock space FH := Γ
hol(C, ı2π exp(−|z|2)dz ∧ dz¯)
attached to the Hilbert space H := L2(R, dx). In fact, much earlier Sophus
Lie had done the differential realization of the generators K0,−,+ of the group
SU(1, 1), K− 7→ ∂∂w ; K0 7→ k + w ∂∂w ; K+ 7→ 2kw + w2 ∂∂w on the unit disk
w ∈ D1 = SU(1, 1)/U(1). In [16] we have presented an explicit realization of a
holomorphic representation for the the CS-group GJ1 , which is the semidirect prod-
uct of the real three dimensional HW group H1 with the group SU(1, 1), called
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the Jacobi group [29]. These formulas contain both the standard Segal-Bargmann-
Fock representation [2] and the realization of the generators of the group SU(1, 1)
already mentioned.
At this point, let us mention that the present investigation is part of a larger
program, we started earlier. In reference [12] we advanced the conjecture that the
generators of all CS-groups [53, 58] admit representations by first order differen-
tial operators with holomorphic polynomials coefficients on CS-manifolds. Let us
recall some of our own earlier progress in this field. Our method [7] permits to
get the holomorphic differential action of the generators of a continuous unitary
representation pi of a Lie group G with the Lie algebra g on a homogeneous space
M = G/H . Following Perelomov [62], we consider homogeneous manifolds M
realized as Ka¨hler CS-orbits [11, 12, 14]. Previously, we produced explicit repre-
sentations for hermitian groups, using CS based on compact [8] and noncompact
[9] hermitian symmetric spaces, and also on Ka¨hler CS-orbits of semisimple Lie
groups [11, 14]. In all such situations the differential action of the generators of the
group G on holomorphic functions defined on a Ka¨hler homogeneous orbit G/H
can be written down as a sum of two terms, the first one as a polynomial P , and,
the second one, as sum of partial derivatives times some polynomials Q-s. On
hermitian symmetric spaces the degrees of the polynomials P and Q are less than
or equal to two [8, 9]. We have analyzed the simplest example of a nonsymmetric
homogeneous manifold, SU(3)/S(U(1)×U(1)×U(1)), where the maximum degree
of the polynomials P,Q already equals three [11, 14].
More precisely, the present paper is devoted to a concrete realization of a dif-
ferential holomorphic representation of the Lie algebra gJn := hn ⋊ sp(n,R) on the
homogeneous spaceM := Hn/R×Sp(n,R)/U(n), where Hn denotes the (2n+1)-
dimensional HW group. The complex n(n + 3)/2-dimensional manifold M is re-
alized as DJn := C
n × Dn, where Dn is the n(n + 1)/2-dimensional Siegel ball,
endowed with a Ka¨hler structure deduced from the scalar product of two CSs
based on M .
Now we digress a little about the connection between the present paper and
other fields. As it had already been mentioned, the physical object associated with
the Jacobi group are the squeezed states of the Quantum Optics [79, 72, 27, 28],
discovered already in the early days of QuantumMechanics [47]. Instead of starting
from a matrix representation of the Jacobi group (see e.g. p. 182 in [50]), in our
presentation we use methods similar to those of the squeezed states [73]. It is well
known that for the harmonic oscillator CSs the uncertainties in momentum and
position are equal to 1/
√
2 (in units of ~). “The squeezed states” [47, 73, 54, 22,
81, 39, 77] are the states for which the uncertainty in position is less than 1/
√
2.
The squeezed states are a particular class of “minimum uncertainty states” (MUS)
[56], i.e. states which saturate the Heisenberg uncertainty relation. In the present
paper we do not insist on possible “physical” applications [28] of our paper to the
squeezed states. Let us just mention that “Gaussian pure states” (“Gaussons”)
[71] are more general MUSs. In fact, as it was shown in [1], these states are CSs
based on the manifold XJn := Hn × R2n, where Hn is the Siegel upper half plane
Hn := {Z ∈ M(n,C)|Z = U + ıV, U, V ∈ M(n,R),ℑ(V ) > 0, U t = U ;V t = V }.
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M(n,R) denotes the n × n matrices with entries in R, R = R or C, and Xt
denotes the transpose of the matrix X . In [15] we have started the generalization
of CSs attached to the Jacobi group GJ1 to the (“multidimensional”) Jacobi group
GJn. The connection of our construction of coherent states based on D
J
n [15] with
the Gaussons of [71] is a subtle one and it should be investigated separately. Dn
denotes the Siegel ball Dn := {Z ∈ M(n,C)|Z = Zt, 1 − ZZ¯ > 0}. In §4 we
recall the clue of this connection in the case n = 1 [16], which is offered by the
Ka¨hler-Berndt’s construction [43, 44, 45, 46, 19, 21].
Furthermore we try to make a technical presentation of the content of the
paper. Firstly, the notation referring to the HW group is fixed in §1. In §2
some known facts are recalled: the definition of the symplectic algebra and the
symplectic group, the Gauss and Cartan decomposition, the differential action of
the generators, the scalar product. §3 is devoted to the Jacobi group. We introduce
coherent states associated to the Jacobi groupGJn based on the homogeneous space
DJn. The explicit formulas giving the differential action of the generators of the
Jacobi group are given in Remark 3.1. Remark 3.4, which can be considered as
generalizing the Holstein-Primakoff-Bogoliubov type equations, implies in Remark
3.5 the action of the group Sp(n,R) on Hn/R ≡ Cn. Lemma 3.6 is very important
for our construction: it connects the normalized “squeezed” vector [73] Ψα,W =
D(α)S(W )e0, α ∈ Cn, W ∈ Dn with Perelomov’s un-normalized vector ez,W . As
a consequence, we get in Remark 3.7 the expression of the scalar product of two
CS vectors associated to the Jacobi group, based on the manifold DJn. As we had
already emphasized, this expression is already known (see p. 532 in [58], or the
article [38] and (5.28) in [69]), but here we present a simple proof. Proposition
3.8 allows to find the action of the Jacobi group GJn on the base manifold D
J
n and
the composition law in the Jacobi group. Remark 3.10 identifies our expression
with the one obtained in context of Jacobi forms [29]. In §3.6 we find out the
Ka¨hler two-form ω on the manifold DJn. Applying the technique of Chapter IV
from Hua’s book [40] and a lemma from Berezin’s paper [17], we determine the
Liouville measure on DJn. This permits the explicit construction of the symmetric
Fock space FK attached to the reproducing kernel K, summarized in Proposition
3.11. Proposition 3.12 gives the continuous unitary holomorphic representation
piK of the group G
J
n on FK . The §4 recalls some of the further results established
for the Jacobi group GJ1 . Finally, we discuss the connection between different
contexts in which the same group appears under the names of Jacobi, Schro¨dinger
or Hagen.
1. The Heisenberg-Weyl group
The Heisenberg-Weyl group Hn is the nilpotent group with the 2n+1-dimensio-
nal real Lie algebra isomorphic to the algebra
hn =< ıs1 +
n∑
i=1
(xia
+
i − x¯iai) >s∈R,xi∈C, (1.1)
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where a+i (ai) are the boson creation (respectively, annihilation) operators which
verify the CCR
[ai, a
+
j ] = δij ; [ai, aj ] = [a
+
i , a
+
j ] = 0. (1.2)
The vacuum verifies the relations:
aieo = 0, i = 1, · · · , n. (1.3)
The displacement operator
D(α) := exp(αa+ − α¯a) = exp(−1
2
|α|2) exp(αa+) exp(−α¯a), (1.4)
verifies the composition rule:
D(α2)D(α1) = e
ıθh(α2,α1)D(α2 + α1), θh(α2, α1) := ℑ(α2α¯1). (1.5)
Here we have used the notation αβ =
∑
i αiβi, where α = (αi). The composition
law of the HW group Hn is:
(α2, t2) ◦ (α1, t1) = (α2 + α1, t2 + t1 + ℑ(α2α¯1)). (1.6)
If we identify R2n with Cn, (p, q) 7→ α:
α = p+ ıq, p, q ∈ Rn, (1.7)
then
ℑ(α2α¯1) = (pt1, qt1)J
(
p2
q2
)
,where J =
(
0 1
−1 0
)
.
2. The symplectic group
2.1. The symplectic algebra. The real symplectic Lie algebra sp(n,R) is a real
form of the simple Lie algebra sp(n,C) of type cn and X ∈ sp(n,R) if
XtJ + JX = 0 or X =
(
a b
c −at
)
, b = bt, c = ct,
where a, b, c ∈M(n,R), and similarly for sp(n,C).
In the complex realization (1.7), to X ∈ sp(n,R), X ∈ M(2n,R) corresponds
XC ∈ sp(n,C) ∩ u(n, n)
XC =
(
a b
b¯ a¯
)
, (2.1)
where
a∗ = −a, bt = b (2.2)
(cf. theorems in [41], [3], [33]). So, we consider the realization of the Lie algebra
of the group Sp(n,R):
sp(n,R) =<
n∑
i,j=1
(2aijK
0
ij + bijK
+
ij − b¯ijK−ij ) >, (2.3)
where the matrices a = (aij), b = (bij) verify the conditions (2.2).
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Table 1. The generators of the symplectic group: operators, ma-
trices, and bifermion operators
K
+
ij K
+
ij =
ı
2
(
0 eij + eji
0 0
)
1
2a
+
i a
+
j
K
−
ij K
−
ij =
ı
2
(
0 0
eij + eji 0
)
1
2aiaj
K
0
ij K
0
ij =
1
2
(
eij 0
0 −eji
)
1
4 (a
+
i aj + aja
+
i )
The generators K0,+,− verify the commutation relations
[K−ij ,K
−
kl] = [K
+
ij ,K
+
kl] = 0, (2.4a)
2[K−ij ,K
+
kl] = K
0
kjδli +K
0
ljδki +K
0
kiδlj +K
0
liδkj , (2.4b)
2[K−ij ,K
0
kl] = K
−
il δkj +K
−
jlδki, (2.4c)
2[K+ij ,K
0
kl] = −K+ikδjl −K+jkδli, (2.4d)
2[K0ji,K
0
kl] = K
0
jlδki −K0kiδlj . (2.4e)
With the notation: X := dpi(X), we have the correspondence: sp(n,R) ∋ X 7→
X, where the real symplectic Lie algebra sp(n,R) is realized as sp(n,C) ∩ u(n, n)
X =
(
a b
b¯ a¯
)
↔ X =
n∑
i,j=1
(2aijK
0
ij + zijK
+
ij − z¯ijK−ij), b = ız, (2.5)
where (2.2) is verified. In Table 1 we give the realization of the generators of the
real symplectic group in matrices, as operators obtained via the derived represen-
tation, and a bi-fermion realization.
2.2. The symplectic group. For g ∈ GL(2n,R), we have
g ∈ Sp(n,R) ↔ gtJg = J. (2.6)
If in (2.6) g ∈ GL(2n,C), then g ∈ Sp(n,C). We remind also that g ∈ U(n, n) iff
gKg∗ = K, where K =
(
1 0
0 −1
)
.
Under the identification (1.7) of R2n with Cn, we have the correspondence
A ∈M(2n,R)→ AC ∈M(2n,R)C, AC =WAW−1, W = 1√
2
(
1 ı1
1 −ı1
)
,
where
M(2n,R)C =
{(
P Q
Q¯ P¯
)
, P,Q ∈M(n,C)
}
.
We extract from [3], [33]
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Remark 2.1. To every g ∈ Sp(n,R) as in (2.6), g 7→ gc ∈ Sp(n,C) ∩ U(n, n), or
denoted just g
g =
(
a b
b¯ a¯
)
, (2.7)
where
aa∗ − bb∗ = 1; abt = bat, (2.8a)
a∗a− btb¯ = 1; atb¯ = b∗a. (2.8b)
Remark 2.2. The linear canonical transformations, i.e. the transformations
which leaves invariant (1.2), are given by elements of the group Sp(n,R) under
the realization Sp(n,C) ∩ U(n, n).
See also Remark 3.4 below.
If g ∈ Sp(n,R) is given by (2.7), then
g−1 =
(
a∗ −bt
−b∗ at
)
. (2.9)
Gauss decomposition. Let us consider an element g ∈ Sp(n,R). The follow-
ing relations are true:
g =
(
a b
b¯ a¯
)
=
(
1 Y
0 1
)(
γ 0
0 δ
)(
1 0
Y ′ 1
)
, (2.10)
or
g =
(
a b
b¯ a¯
)
=
(
1 0
U 1
)(
γ′ 0
0 δ′
)(
1 U ′
0 1
)
, (2.11)
where
Y = ba¯−1; Y ′ = a¯−1b¯; δ = a¯; γ = a− ba¯−1b¯ = (a∗)−1 = (δt)−1; (2.12)
1− Y Y ∗ = (aa∗)−1 > 0;Y = Y t; 1− Y ′Y ′∗ = ((a∗a)t))−1 > 0;Y ′ = Y ′t; (2.13)
U = Y¯ = b¯a−1;U ′ = Y¯ ′ = a−1b; γ′ = δ¯ = a; δ′ = γ¯ = (at)−1. (2.14)
Cartan decomposition. Let us consider an element g ∈ Sp(n,R). The fol-
lowing relations are true:
g =
(
a b
b¯ a¯
)
=
(
m n
p q
)(
v 0
0 v¯
)
= exp
(
0 Z
Z¯ 0
)(
v 0
0 v¯
)
, (2.15)
where
m = cosh
√
ZZ¯; n =
sinh
√
ZZ¯√
ZZ¯
Z = Z
sinh
√
Z¯Z√
Z¯Z
; p = n¯; q = m¯, (2.16)
or
m = (1− Y Y +)−1/2; n = (1− Y Y +)−1/2Y ; v = (1 − Y Y +)1/2. (2.17)
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Z and Y above are related by formulas (2.26d) and (2.26e) below, with the corre-
spondence Z ↔ Z, Y ↔W , where Y = ba¯−1, i.e.
Z =
arctanh
√
Y Y +√
Y Y +
Y =
1
2
√
Y Y +
log
1 +
√
Y Y +
1−
√
Y Y +
; Y = ba¯−1. (2.18)
Hermitian symmetric spaces. We briefly recall some well known facts about
hermitian symmetric spaces [37, 78]. We use the notation:
Xn- hermitian symmetric space of noncompact type, Xn = G0/K;
Xc- compact dual of Xn, Xc = Gc/K;
G0- real hermitian group;
G = GC0 - the complexification of G0;
P - a parabolic subgroup of G;
K - maximal compact subgroup of G0;
Gc - compact real form of G;
The compact manifold Xc of
n(n+1)
2 -complex dimension has a complex structure
inherited from the identification Xc = Gc/K = G/P .
The group Gc acts transitively on Xc with isotropy group K = G0 ∩ P = Gc ∩ P .
Xn = G0/K = Gn(x0) is open in Xc, where x0 is a base point of G corresponding
to K.
Xc includes Xn under Borel embedding Xn ⊂ Xc: gK → gP, g ∈ G0.
In our case: G0 = Sp(n,R), G = Sp(n,C), Gc = Sp(n) = Sp(n,C) ∩ U(2n) ⊂
SU(2n), K = U(n), and
P =
{(
a 0
c d
)
; atc = cta, atd = 1
}
.
Let
m+ =
{(
0 b
0 0
)
, bt = b
}
. (2.19)
Then
Z → Zˆ =
(
0 Z
0 0
)
, ξ(Z) = (exp Zˆ)x0, (2.20)
and ξ maps the symmetric n×n matrices Z, 1−ZZ¯ > 0 of m+ onto a dense open
subset of Xc that contains Xn. This gives the Harish-Chandra embedding: Xn ⊂
ξ(m+) ⊂ Xc. The non-compact hermitian symmetric space Xn = Sp(n,R)/U(n)
admits a realization as a bounded homogeneous domain, the Siegel ball Dn
Dn :=
{
W ∈M(n,C)|W =W t, 1−WW¯ > 0} . (2.21)
Xn is a hermitian symmetric space of type CI (cf. Table V. p. 518 in [37]),
identified with the symmetric bounded domain of type II, RII in Hua’s notation
[40].
2.3. Coherent states for the symplectic group. Coherent states associated
to the real symplectic group were considered in several references as [57, 18],
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see also §8 in [63]. We consider a particular case of the positive discrete series
representation [51] of Sp(n,R). The vacuum is chosen such that
K
+
ije0 6= 0, (2.22a)
K
−
ije0 = 0, (2.22b)
K
0
ije0 =
k
4
δije0. (2.22c)
We have the relations:
pi
(
v 0
0 v¯
)
e0 = (det v)
k/2e0, v ∈ U(n); (2.23)
pi
(
a 0
0 d
)
e0 = (det a)
k/2e0, da
t = 1, v ∈ U(n); (2.24)
pi
(
a 0
0 d
)
= exp(
∑
2AijK
0
ij), a = expA. (2.25)
We introduce some notation, and we find out:
S(Z) = exp(
∑
zijK
+
ij − z¯ijK−ij), Z = (zij); (2.26a)
S(W ) = exp(WK+) exp(ηK0) exp(−W¯K−); (2.26b)
= exp(−W¯K−) exp(−ηK0) exp(WK+); (2.26c)
W = Z tanh
√
Z∗Z√
Z∗Z
; (2.26d)
Z =
arctanh
√
WW ∗√
WW ∗
W =
1
2
1√
WW ∗
log
1 +
√
WW ∗
1−√WW ∗ ; (2.26e)
η = log(1−WW ∗) = −2 log cosh
√
ZZ∗. (2.26f)
We have S(Z) = S(W ). In (2.18) Y is that from the Gauss decomposition (2.10).
Perelomov’s un-normalized CS-vectors are:
eZ := exp(
∑
zijK
+
ij)e0 = pi
(
1 ıZ
0 1
)
e0, Z = (zij), Z = Z
t. (2.27)
Let us consider an element g ∈ Sp(n,R).
Remark 2.3. The following relations between the normalized and un-normalized
Perelomov’s CS-vectors hold:
S(Z)e0 = det(1−WW ∗)k/4eW , (2.28)
eg :=pi(g)e0=pi
(
a b
c d
)
e0=(deta¯)
−k/2eZ=
(
deta
deta¯
) k
4
S(Z)e0, Z=−ıba¯−1, (2.29)
S(g)eW/ı = det(Wb
∗ + a∗)−k/2eY/ı, (2.30)
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where W ∈ Dn, and Z ∈ Cn in (2.29) are related by equations (2.26d), (2.26e),
and the linear-fractional action of the group Sp(n,R) on the unit ball Dn in (2.30)
is
Y := g ·W = (aW + b)(b¯W + a¯)−1 = (Wb∗ + a∗)−1(bt +Wat). (2.31)
Using the results of [10, 13], it can be proved
Remark 2.4. If S(Z) is defined by (2.26a), then:
S(Z2)S(Z1) = S(Z3)e
2AK
0
; (2.32a)
S(Z2)S(Z1)e0 = (det v)
k/2S(Z3)e0; (2.32b)
W3 = (1−W1W ∗1)−1/2(W1+W2)(1+W ∗1W2)−1(1−W ∗1W1)1/2; (2.33a)
eA = v = (MM+)−1/2M ; (2.33b)
M = (1−W1W ∗1 )−1/2(1 +W1W ∗1 )(1 −W2W ∗2 )−1/2; (2.33c)
det(v) =
[
det(1 +W1W
∗
2 )
det(1 +W1W ∗2 )
]1/2
, (2.33d)
where in (2.33a) Wi and Zi, i = 1, 2, 3, are related by the relations (2.26d), (2.26e).
2.4. The differential action for the group Sp(n,R). We consider CS-vectors
given by (2.27)
eW = e
Xe0, X =
∑
wijK
+
ij ; W = (wij), W =W
t.
It is easy to see that:
K
+
kleW =
∂
wkl
eW , (2.34a)
K
0
kleW =
(
k
4
δkl + wil
∂
∂wik
)
eW , (2.34b)
K
−
kleW =
(
k
2
wkl + walwik
∂
∂wai
)
eW . (2.34c)
The proof is based on the general formula
Ad(expX) = exp(adX), (2.35)
valid for Lie algebras g, which here we write down explicitly as
AeX = eX(A− [X,A] + 1
2
[X, [X,A]] + · · · ). (2.36)
The differential action for the group Sp(n,R) is obtained:
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K
− =
∂
∂W
, (2.37a)
K
+ =
k
2
W +W
∂
∂W
W, (2.37b)
K
0 =
k
4
1 +
∂
∂W
W. (2.37c)
We have used the convention:[(
∂
∂W
W
)
f(W )
]
kl
:=
∂f(W )
∂wki
wil, W = (wij).
Formulas of the type (2.37) have been obtained by several authors [52, 68].
2.5. The scalar product. The scalar product of two coherent state vectors in-
dexed by the points of the Siegel ball Dn is:
K(Z,Z ′) = (eZ , eZ′)H = det(1− Z ′Z+)−k/2. (2.38)
The Ka¨hler two-form on Dn is:
ω = ı
k
2
Tr[(1 −WW¯ )−1dW ∧ (1 − W¯W )−1dW¯ ]. (2.39)
The Jacobian J = det dW ′/dW of the transformation W ′ = g ·W = f(g,W ) such
that W ′(W1) = 0, modulo an irrelevant unitary transformation, is obtained (see
[10]) from
dW ′ = (1 −W1W¯1)− 12 dW (1 − W¯1W1)− 12 .
The density Q = |J |2 of the Sp(n,R)-invariant volume is
Q = det(1−WW¯ )−(n+1),
and the Bergman kernel, modulo the volume of the domain Dn (cf. [40]) is
KDn(X,Y ) = det(1 −XY¯ )−(n+1).
The scalar product in the space of functions fψ(z) = (ez¯, ψ) ∈ FH is
(φ, ψ)FH = Λ1
∫
1−WW¯>0
f¯φ(W )fψ(W ) det(1−WW¯ )qdW, q = k
2
− n− 1, (2.40)
where Λ1 = J
−1
n (q), with Jn(p) (p > −1) defined by:
Jn(p) =
pi
n(n+1)
2
(p+ 1) · · · (p+ n) ·
Γ(2p+ 3)Γ(2p+ 5) · · ·Γ(2p+ 2n− 1)
Γ(2p+ n+ 2)Γ(2p+ n+ 3) · · ·Γ(2p+ 2n) . (2.41)
We can write (2.41) in the form
Jn(p) = 2
npi
n(n+1)
2
n∏
i=1
Γ(2p+ 2i)
Γ(2p+ n+ i+ 1)
. (2.42)
With (2.42), we have
Λ1 = 2
−npi−
n(n+1)
2
n∏
i=1
Γ(k − i)
Γ(k − 2i) , (2.43)
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which is formula (4.3) in [18]. The holomorphic multiplier representation of the
group Sp(n,R) on the space of functions defined on the manifold M = Dn has the
expression
pi(g)f(W ) = µ(g,W )f(g−1 ·W ),
with the multiplier µ related to the cocycle J , i.e.
J(g1g2,W ) = J(g1, g2 ·W ), J(g2,W ),
by the relation
J(g,W ) = µ(g−1,W )−1.
For g ∈ Sp(n,R) given by (2.7), the multiplier is
J(g,W ) = det(a∗ +Wb∗)
k
2 .
Note that
K(g ·X, g · Y ) = J(g, Y )K(X,Y )J(g,X)∗.
With (2.9), (2.31), we have
g−1 ·W = (a∗W − bt)(−b∗W + at)−1 = (−Wb¯+ a)−1(−b+Wa),
and finally we have the continuous unitary holomorphic representation of Sp(n,R)
on the space of holomorphic functions of Dn attached to the kernel (2.38) (see
[35])
pi
(
a b
b¯ a¯
)
f(W ) = det(a−Wb¯)− k2 f((−Wb¯+a)−1(−b+Wa)),W ∈ Dn. (2.44)
Starting from the development given by Hua [40] (see also [59]) of the determinant
det(1 − XY ∗)−ǫ for the complex Grassmann manifold in Schur functions [55],
Berezin [17], [18] found out that the admissible set for k for the space of functions
FH endowed with the scalar product (2.40), i.e. the set of values of k on which
the integral, or it analytic continuation, converges, for a sufficiently large set of
functions (2.40), is the (Wallach [76]) set Σ
Σ = {0, 1, · · · , n− 1} ∪ ((n− 1),∞). (2.45)
The integral (2.40) deals with a non-negative scalar product if k ≥ n − 1, in
which the domain of convergence k ≥ 2n is included, and the separate points
k = 0, 1, ..., n− 1. The corresponding coherent states are a “generalized overcom-
plete family of states” (cf. [18]).
In this paper we are not concerned with the analytic continuation of the discrete
series representations. Here are some references for the analytic continuation of
the discrete series or related topics: [70, 74, 34, 67, 76, 75, 30, 31, 80, 25].
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3. The Jacobi group GJn
3.1. The Jacobi algebra. The Jacobi algebra is the the semi-direct sum
gJn := hn ⋊ sp(n,R), (3.1)
where hn is an ideal in g, i.e. [hn, g] = hn, determined by the commutation
relations:
[a+k ,K
+
ij ] = [ak,K
−
ij ] = 0, (3.2a)
[ai,K
+
kj ] =
1
2
δika
+
j +
1
2
δija
+
k , (3.2b)
[K−kj , a
+
i ] =
1
2
δikaj +
1
2
δijak, (3.2c)
[K0ij , a
+
k ] =
1
2
δjka
+
i , (3.2d)
[ak,K
0
ij ] =
1
2
δikaj . (3.2e)
3.2. Coherent states for the Jacobi group. Perelomov’s coherent state vectors
associated to the group GJn with Lie algebra the Jacobi algebra (3.1), based on the
complex N -dimensional, N = n(n+3)2 , manifold M :
M := Hn/R× Sp(n,R)/U(n), (3.3a)
M = DJn := C
n ×Dn, (3.3b)
are defined as
ez,W = exp(X)e0, X :=
∑
i
zia
+
i +
∑
ij
wijK
+
ij , z ∈ Cn;W ∈ Dn. (3.4)
The vector e0 verify (1.3) and (2.22).
3.3. The differential action. The differential action of the generators of the
Jacobi group follows from the formulas:
a+k ez,W =
∂
∂zk
ez,W , (3.5a)
akez,W =
(
zk + wki
∂
∂zi
)
ez,W , (3.5b)
K
0
klez,W =
(
k
4
δkl +
zl
2
∂
∂zk
+ wli
∂
∂wik
)
ez,W , (3.5c)
K
+
klez,W =
∂
wkl
ez,W , (3.5d)
K
−
klez,W =
[
k
2
wkl+
zkzl
2
+
1
2
(zlwik+zkwil)
∂
∂zi
+wαlwki
∂
∂wiα
]
ez,W ,(3.5e)
and we have
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Remark 3.1. The differential action of the generators of Jacobi group GJn is given
by the formulas:
a =
∂
∂z
, (3.6a)
a
+ = z +W
∂
∂z
, (3.6b)
K
− =
∂
∂W
, (3.6c)
K
0 =
k
4
1 +
1
2
∂
∂z
⊗ z + ∂
∂W
W, (3.6d)
K
+ =
k
2
W +
1
2
z ⊗ z + 1
2
(W
∂
∂z
⊗ z + z ⊗ ∂
∂z
W ) +W
∂
∂W
W. (3.6e)
In (3.6) A⊗B denotes the Kronecker product of matrices, here (A⊗B)kl = akbl,
A = (ak), B = (bl), k, l = 1, . . . , n.
3.4. Holstein-Primakoff-Bogoliubov type equations. We recall the Holstein-
Primakoff-Bogoliubov equations, a consequence of the fact that the Heisenberg
algebra is an ideal in the Jacobi algebra
S−1(Z) ak S(Z) = (cosh(
√
ZZ¯) a)k + (
sinh(
√
ZZ¯)
ZZ¯
Z a+)k, (3.7a)
S−1(Z) a+k S(Z) = (
sinh(
√
Z¯Z)√
Z¯Z
Z¯a)k + (cosh(
√
Z¯Z) a+)k, (3.7b)
and the CCR are still fulfilled in the new creation and annihilation operators.
Above a (a+) denotes the column vector formed from a1, ..., an (respectively,
a+1 , ..., a
+
n ).
Let us introduce the notation:
A˜ =
(
A
A¯
)
; D = D(Z) =
(
m n
p q
)
, (3.8)
D(Z) = eX , where X :=
(
0 Z
Z¯ 0
)
, (3.9)
where m, n, p, q are given by (2.15).
Remark 3.2. With the notation (3.8), (2.15), equations (3.7) become:
S−1(Z)a˜S(Z) = D(Z)a˜.
Remark 3.3. If D and S(Z) are defined by (1.4), respectively (2.26a), then
D(α)S(Z) = S(Z)D(β), (3.10)
where
β = mα− nα¯ = cosh (
√
ZZ¯)α− sinh(
√
ZZ¯)√
ZZ¯
Zα¯ (3.11a)
= (1−WW¯ )−1/2(α−Wα¯), (3.11b)
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and
α = mβ + nβ¯ = cosh (
√
ZZ¯)β +
sinh(
√
ZZ¯)√
ZZ¯
Zβ¯ (3.12a)
= (1 −WW¯ )−1/2(β +Wα¯). (3.12b)
With the convention (3.8), equation (3.11a) can be written down as:
β˜ = D(−Z)α˜; α˜ = D(Z)β˜. (3.13)
Let us introduce the notation
S(Z,A) := exp(
∑
2aijK
0
ij + zijK
+
ij − z¯ijK−ij). (3.14)
If g =
(
α β
β¯ α¯
)
∈ Sp(n,R), then
S−1(g) aS(g) = αa+ β a+, (3.15a)
S−1(g) a+ S(g) = β¯ a+ α¯ a+, (3.15b)
and we have the following (generalized Holstein-Primakoff-Bogoliubov) equations:
Remark 3.4. If S denotes the representation of Sp(n,R), with the convention
(3.8), we have
S−1(g) a˜ S(g) = g · a˜. (3.16)
Remark 3.5. In the matrix realization of Table 1
S(g)D(α)S−1(g) = D(αg), (3.17)
where one has the expression of the natural action of Sp(n,R)×Cn → Cn: g · α˜ :=
αg,
αg = aα+ b α¯. (3.18)
3.5. The action of the Jacobi group. Now we find a relation between the
normalized (“squeezed”) vector
Ψα,W := D(α)S(W )e0, α ∈ Cn,W ∈ Dn, (3.19)
and the un-normalized Perelomov’s CS-vector (3.4), which is important in the
proof of Proposition 3.8.
Lemma 3.6. The vectors (3.19), (3.4), i.e.
Ψα,W := D(α)S(W )e0; ez,W ′ := exp(za
+ +W ′K+)e0,
are related by the relation
Ψα,W = det(1−WW¯ )k/4 exp(− α¯
2
z)ez,W , (3.20)
where
z = α−Wα¯. (3.21)
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Proof. We obtain successively
Ψα,W = det(1−WW¯ )k/4D(α) exp(WK+)e0
= det(1−WW¯ )k/4 exp(−1
2
|α|2) exp(αa+) exp(−α¯a) exp(WK+)e0
= det(1−WW¯ )k/4 exp(−1
2
|α|2) exp(αa+) exp(−α¯a)×
exp(WK+) exp(α¯a) exp(−α¯a)e0
= det(1−WW¯ )k/4 exp(−1
2
|α|2) exp(αa+)Ee0,
where
E := exp(−α¯a) exp(WK+) exp(α¯a). (3.22)
As a consequence of (2.36),
exp(Z) exp(X) exp(−Z) = exp(X + [Z,X ] + 1
2
[Z, [Z,X ]] + · · · ),
where, if we take
Z = −α¯a; X =WK+, then
[Z,X ] = −α¯kwkja+j = −α¯tWa+;
[Z, [Z,X ]] = α¯pwkja
+
j = α¯
tWα¯,
where αt = (α1, . . . , αn). We find for E defined by (3.22) the value
E = exp(WK+ − α¯tWa+ + α¯
tWα¯
2
),
and finally
Ψα,W = exp(−1
2
α¯tz) det(1−WW¯ )k/4eα−Wα¯,W ,
i.e. (3.20). 
Remark 3.7. Starting from (3.20), we obtain the expression (3.25) of the repro-
ducing kernel K = (ez,W , ez,W ) and (3.26) of K(z,W ; x¯, V¯ ) := (ex,V , ez,W ) =
(ez¯,W¯ , ex¯,V¯ ).
Proof. Indeed, the normalization (Ψα,W ,Ψα,W ) = 1 imply that
(ez,W , ez,W ) = det(1 −WW¯ )−k/2 expF, F := 1
2
(α¯tz + c.c.). (3.23)
With the notation (3.21), we have
α = (1−WW¯ )−1(z +Wz¯),
and then F in (3.23) can be rewritten down as
2F = 2z¯t(1 −WW¯ )−1z + ztW¯ (1−WW¯ )−1z + z¯t(1−WW¯ )−1Wz¯, (3.24)
(ez,W , ez,W)=det(M)
k/2exp
1
2
[2 <z,Mz>+<Wz¯,Mz>+<z,MWz¯>], (3.25)
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M = (1 −WW¯ )−1.
Above < x, y >= x¯ty =
∑
x¯iyi. Finally, we find out
(ex,V , ey,W ) = det(U)
k/2 exp
1
2
[2 <x,Uy>+<V y¯, Uy>+<x,UWx¯>], (3.26)
U = (1−WV¯ )−1.

From the following proposition we can see the holomorphic action of the Jacobi
group
GJn := Hn ⋊ Sp(n,R) (3.27)
on the manifold M (3.3b):
Proposition 3.8. Let us consider the action S(g)D(α)ez,W , where g ∈ Sp(n,R)
has the form (2.7), D(α) is given by (1.4), and the coherent state vector is defined
in (3.4). Then we have the formula (3.28) and the relations (3.29)-(3.33):
S(g)D(α)ez,W = λez1,W1 , λ = λ(g, α; z,W ), (3.28)
z1 = (Wb
∗ + a∗)−1(z + α−Wα¯), (3.29)
W1 = g ·W = (aW + b)(b¯W + a¯)−1 = (Wb∗ + a∗)−1(bt +Wat), (3.30)
λ = det(Wb∗ + a∗)−k/2 exp(
x¯
2
z − y¯
2
z1) exp ıθh(α, x), (3.31)
x = (1−WW¯ )−1(z +Wz¯), (3.32)
y = a(α+ x) + b(α¯+ x¯). (3.33)
Proof. With Lemma 3.6, we have ez,W = λ1Ψα0,W , where α0 is given by (3.32) and
λ1 = det(1−WW¯ )−k/4 exp( α¯02 z). Then I := S(g)D(α)ez,W becomes successively
I = λ1S(g)D(α)Ψα0,W
= λ1S(g)D(α)D(α0)S(W )e0
= λ2S(g)D(α1)S(W )e0,
where α1 = α + α0 and λ2 = λ1e
ıθh(α1,α0). With equations (3.17), (3.18), we
have I = λ2D(α2)S(g)S(W )e0, where α2 = aα1 + bα¯1. But (2.28) implies I =
λ3D(α2)S(g)e0,W , with λ3 = λ2 det(1 − WW¯ )k/4. Now we use (2.30) and we
find I = λ4D(α2)e0,W1 , where, in accord with (2.31), W1 is given by (3.29), and
λ4 = det(Wb
∗+a∗)−k/2λ3. We rewrite the last equation as I = λ5D(α2)S(W1)e0,
where λ5 = (1 −W1W¯1)−k/4λ4. Then we apply again Lemma 3.6 and we find
I = λ6ez1,W1 , where λ6 = λ5(1 − W1W¯1)k exp(− α¯22 z1), and z1 = α2 − W1α¯2.
Proposition 3.8 is proved. 
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Corollary 3.9. The action of the Jacobi group (3.27) on the manifold (3.3b),
where Dn = Sp(n,R)/U(n), is given by equations (3.28), (3.29). The composition
law in G is
(g1, α1, t1) ◦ (g2, α2, t2) = (g1 ◦ g2, g−12 · α1 + α2, t1 + t2 + ℑ(g−12 · α1α¯2)), (3.34)
where g · α := αg is given by (3.18), and if g has the form given by (2.7), then
g−1 · α = a∗α− btα¯.
Remark 3.10. Combining the expressions (3.29)-(3.33) and taking into account
the relations (2.8), the factor λ in (3.28) can be written down as
λ = det(Wb∗ + a∗)−
k
2 exp(−λ1), (3.35)
where
2λ1 = z
t(a¯+ b¯W )−1b¯z+(αt+ α¯tb¯−1a¯)(a¯+ b¯W )−1b¯(2z+z0); z0 = α−Wα¯, (3.36)
or
2λ1 = z
t(W + T )−1z + (αt + α¯tT )(W + T )−1(2z + z0); T = b¯
−1a¯. (3.37)
In the case n = 1 the expression (3.35)-(3.36) is identical with the expression
given in Theorem 1.4 in [29] of the Jacobi forms, under the the identification of
c, d, τ, z, µ, λ in [29] with, respectively, b¯, a¯, w, z, α,−α¯ in our notation. Note also
that the composition law (3.34) of the Jacobi group GJ and the action of the Jacobi
group on the base manifold (3.3b) is similar with that in the paper [20]. See also
the Corollary 3.4.4 in [21].
3.6. The Ka¨hler two-form ω and the volume form. Now we follow the gen-
eral prescription [12, 14]. We calculate the Ka¨hler potential as the logarithm of
the reproducing kernel (3.25), f := logK, i.e.
f = −k
2
log det(1−WW¯ ) + z¯i(1−WW¯ )−1ij zj + (3.38)
1
2
[zi[W¯ (1−WW¯ )−1]ijzj + z¯i[(1 −WW¯ )−1W ]ij z¯j ].
The Ka¨hler two-form ω on the manifold (1.3) is given by the formula:
−ıω=fziz¯jdzi∧dz¯j+fziw¯αβdzi∧dw¯αβ−fz¯iwαβdz¯i∧dwαβ+fwαβw¯γδdwαβ∧dw¯γδ , (3.39)
A HOLOMORPHIC REPRESENTATION OF THE JACOBI ALGEBRA 19
where
fziz¯j = (1−WW¯ )−1ji , (3.40a)
2fz¯iwαβ = 2(1−WW¯ )−1iα [W¯ (1− W¯W )−1z]β (3.40b)
+(1−WW¯ )−1iα [(1−WW¯ )−1z¯]β
+[z¯t(1−WW¯ )−1]α(1− W¯W )−1βi ,
2fwαβw¯γδ = k(1− W¯W )−1βγ (1−WW¯ )−1δα (3.40c)
+2[z¯t(1 −WW¯ )−1W ]γ(1−WW¯ )−1δα [W¯ (1−WW¯ )−1z]β
+2[z¯t(1 −WW¯ )−1]α(1 − W¯W )−1βγ [(1−WW¯ )−1z]δ
+[zt(1−WW¯ )−1]γ(1−WW¯ )−1δα [(1− W¯W )−1z]β
+[zt(1−WW¯ )−1]α(1−WW¯ )−1δβ [zt(1−WW¯ )−1W ]γ
+[z¯t(1−WW¯ )−1W ]γ(1−WW¯ )−1δα [(1− W¯W )−1z¯]β
+[z¯t(1−WW¯ )−1]α(1− W¯W )−1]βγ [W (1− W¯W )z¯]δ,
i.e.
− ıω = k
2
Tr[(1−WW¯ )−1dW ∧ (1− W¯W )−1dW¯ ] (3.41)
+ Tr[dzt ∧ (1− W¯W )−1dz¯]
− Tr[dz¯t(1−WW¯ )−1 ∧ dWx¯] + c.c.
+ Tr[x¯tdW (1− W¯W )−1 ∧ dW¯x]
where x is defined in (3.32).
We can write down the two-form ω (3.41) as
−ıω= k
2
Tr(B∧B¯)+Tr(AtM¯∧A¯), A=dz+dWx¯, B=MdW, M=(1−WW¯)−1. (3.42)
Now we determine the Liouville form. We apply the following technique (see
Hua’s book, Ch. IV). Let z′ = f(g, z) the action of the group G on the circular
domain M . Let us determine the element g ∈ G such that z′(z1) = 0 Then the
density of the volume form is Q = |J |2, where J is the Jacobian J = ∂z′/∂z. We
apply this method to our manifold (3.3) and the Jacobi group GJn (3.27).
The transformation with the desired properties is:
z′ = U(1−W1W¯1)1/2(1−WW¯1)−1 × (3.43a)
[z − (1 −WW¯1)(1 −W1W¯1)−1z1 + (W −W1)(1 − W¯1W1)−1z¯1],
W ′ = U(1−W1W¯1)−1/2(W−W1)(1−W¯1W )−1(1−W¯1W1)1/2U t, (3.43b)
where U is a unitary matrix.
We find that
∂z′/∂z = U(1−W1W¯1)1/2(1 −WW¯1)−1, (3.44)
dW ′ = AdWAt, A = U(1−W1W¯1)1/2(1−WW¯1)−1. (3.45)
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In order to calculate the Jacobian of the transformation (3.45), we use the
following property extracted from p. 398 in Berezin’s paper [17]: Let A be a
matrix and LA the transformation of a matrix of the same order n, LAξ = AξA
t.
If the matrices A and ξ are symmetric, then detLA = (detA)
n+1. The overall
determinant of the transformation (3.43) is
J =
∣∣∣∣ ∂z′/∂z ∂z′/∂W∂W ′/∂z ∂W ′/∂W
∣∣∣∣ = ∂z′/∂z∂W ′/∂W, (3.46)
because ∂W ′/∂z = 0. Finally, taking W1 =W , we find out
Q = det(1−WW¯ )−(n+2). (3.47)
3.7. The scalar product. If fψ(z) = (ez¯, ψ), then
(φ, ψ) = Λ
∫
z∈Cn;1−WW¯>0
f¯φ(z,W )fψ(z,W )QK
−1dzdW. (3.48)
Q is the density of the volume form given by (3.47), K is the reproducing kernel
(3.25), and
dz =
n∏
i=1
ℜziℑzi; dW =
∏
1≤i≤j≤n
ℜwijℑwij . (3.49)
We have K−1 = det(1−WW¯ )k/2 exp(−F ) with F given by (3.24).
In order to find the value of the constant Λ in (3.48), we take the functions
φ, ψ = 1, we change the variable z = (1−WW¯ )1/2x and we get
1=Λ
∫
1−WW¯>0
det(1−WW¯ ) k−32 −ndW
∫
x∈Cn
exp(−|x|2) exp(−x
t ·W¯x+ x¯t ·Wx¯
2
)dx.
We apply equations (A1), (A2) in Bargmann [3]:
I(B,C) =
∫
exp(
1
2
(x.Bx + x¯.Cx¯))pi−ne−|x|
2
n∏
k=1
dℜxkdℑxk = [det(1− CB)]− 12 ,
where B, C are complex symmetric matrices such that |B| < 1, |C| < 1. Here
B = −W¯ , C = −W . So, we get
1=Λpin
∫
1−WW¯>0
det(1 −WW¯ )pdW, p = k − 3
2
− n.
We apply Theorem 2.3.1 p. 46 in Hua’s book [40]∫
1−WW¯>0,W=W t
det(1−WW¯ )λdW = Jn(λ),
and we find out:
Λ = pi−nJ−1n (p), (3.50)
where, for p > −1, Jn(p) is given by formula (2.41) or by formula (2.42). So, we
find out for Λ
Λ =
k − 3
2pi
n(n+3)
2
n−1∏
i=1
(k−32 − n+ i)Γ(k + i − 2)
Γ[k + 2(i− n− 1)] . (3.51)
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Proposition 3.11. Let us consider the Jacobi group GJn (3.27) with the compo-
sition rule (3.34), acting on the coherent state manifold (3.3) via equation (3.29),
(3.30). The manifold DJn has the Ka¨hler potential (3.38) and the G
J
n-invariant
Ka¨hler two-form ω given by (3.42). The Hilbert space of holomorphic functions
FK associated to the holomorphic kernel K : M × M¯ → C given by (3.26) is en-
dowed with the scalar product (3.48), where the normalization constant Λ is given
by (3.51) and the density of volume given by (2.41).
Recalling Proposition IV.1.9. p. 104 in [58], Proposition 3.8 can be formulated
as follows:
Proposition 3.12. Let h := (g, α) ∈ GJn, where GJn is the Jacobi group (3.27),
and we consider the representation pi(h) := S(g)D(α), g ∈ Sp(n,R), α ∈ Cn, and
let the notation x := (z,W ) ∈ DJn := Cn × Dn. Then the continuous unitary
representation (piK ,HK) attached to the positive definite holomorphic kernel K
defined by (3.26) is
(piK(h).f)(x) = J(h
−1, x)−1f(h−1.x), (3.52)
where the cocycle J(h−1, x)−1 := λ(h−1, x) with λ defined by (3.28)-(3.33) and
the function f belongs to the Hilbert space of holomorphic functions HK ≡ FK
endowed with the scalar product (3.48), where Λ is given by (3.51).
Comment 3.13. The value of Λ (3.48) given by (3.51) corresponds to the one
given in equation (7.16) in [16], taking above n = 1, k → 4k. Note that p defining
the normalization constant Λ in (3.50) for the Jacobi group is related with q in
(2.40) defining the normalization constant for the group Sp(n,R) by the relation
p = q − 12 .
4. The Jacobi group GJ1
4.1. Ka¨hler-Berndt’s Ka¨hler two-form ω. We recall [16] that in the case n = 1
formula (3.42) reads:
−ıω = 2k
(1− ww¯)2 dw ∧ dw¯ +
A ∧ A¯
1− ww¯ , A = dz + α¯0dw, α0 =
z + z¯w
1− ww¯ . (4.1)
Rolf Berndt -alone or in collaboration - has studied the real Jacobi groupGJ (R)1
in several references, from which I mention [19, 20, 21]. The Jacobi group appears
(see explanation in [46]) in the context of the so called Poincare´ group or The
New Poincare´ group investigated by Erich Ka¨hler as the 10-dimensional group
GK which invariates a hyperbolic metric [43, 44, 45]. Ka¨hler and Berndt have
investigated the Jacobi group GJ0 (R) := SL2(R)⋉R
2 acting on the manifold XJ1 :=
H1×C, where H1 is the upper half plane H1 := {v ∈ C|ℑ(v) > 0}. We recall that
the action of GJ0 (R) on X
J
1 is given by (g, (v, z))→ (v1, z1), g = (M, l), where
v1 =
av + b
cv + d
, z1 =
z + l1v + l2
cv + d
; M =
(
a b
c d
)
∈ SL2(R), (l1, l2) ∈ R2. (4.2)
It can be proved [16] that
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Remark 4.1. When expressed in the coordinates (v, u) ∈ XJ1 which are related to
the coordinates (w, z) ∈ DJ1 by the map
w =
v − ı
v + ı
; z =
2ıu
v + ı
, w ∈ D1, v ∈ H1, z ∈ C, (4.3)
the Ka¨hler two-form (4.1) is identical with the one
−ıω =− 2k
(v¯ − v)2 dv∧dv¯+
2
i(v¯−v)B∧B¯, B = du−
u−u¯
v−v¯ dv, v, u ∈ C,ℑ(v)> 0, (4.4)
considered by Ka¨hler-Berndt [43, 44, 45, 46, 19, 21]. If we use the EZ [21, 29]
coordinates adapted to our notation
v = x+ ıy; u = pv + q, x, p, q, y ∈ R, y > 0, (4.5)
the GJ0 (R)-invariant Ka¨hler metric on X
J
1 corresponding to the Ka¨hler-Berndt’s
Ka¨hler two-form ω (4.4) reads
ds2 =
k
2y2
(dx2 + dy2) +
1
y
[(x2 + y2)dp2 + dq2 + 2xdpdq], (4.6)
i.e. the equation at p. 62 in [21] or the equation given at p. 30 in [19].
4.2. The base of functions. We reproduce the following result proved in [16]
Remark 4.2. The reproducing kernel K : DJ1 × D¯J1 → C has the property:
K(z, w; z¯, w¯′) := (ez¯,w¯, ez¯′,w¯′) =
∑
n,m
f|n>,ek′,k′+m(z, w)f¯|n>,ek′,k′+m(z
′, w′)
= (1− ww¯′)−2k exp 2z¯
′z + z2w¯′ + z¯′2w
2(1− ww¯′) .
Here
f|n>;ek′,k′+m(z, w) = fek′,k′+m(w)
Pn(z, w)√
n!
, (4.7)
fek,k+n(z) := (ez¯, ek,k+n) =
√
Γ(n+ 2k)
n!Γ(2k)
zn, (4.8)
Pn(z, w) := (
ı√
2
)nw
n
2 Hn(
−ız√
2w
), (4.9)
i.e. the polynomials Pn(z, w) have the expression
Pn(z, w) = n!
[n2 ]∑
k=0
(
w
2
)k
zn−2k
k!(n− 2k)! . (4.10)
The first 6 polynomials Pn(z, w) are:
P0 = 1; P1 = z;
P2 = z
2 + w; P3 = z
3 + 3zw;
P4 = z
4 + 6z2w + 3w2; P5 = z
5 + 10z3w + 15zw.
(4.11)
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4.3. Digression on Jacobi and Schro¨dinger groups. •We have called the al-
gebra (3.1), the Jacobi algebra and the group (3.27), the Jacobi group, in agreement
with the name used in [21] or at p. 178 in [58], where the algebra gJ1 := h1⋊sl(2,R)
is called “Jacobi algebra”. The denomination adopted in the present paper is of
course in accord with the one used in [58] because of the isomorphism of the Lie
algebras su(1, 1) ∼ sl(2,R) ∼ sp(1,R)(∼ so(2, 1)). Also the name “Jacobi alge-
bra” is used in [58] p. 248 to call the semi-direct sum of the (2n+ 1)-dimensional
Heisenberg algebra and the symplectic algebra, hsp := hn ⋊ sp(n,R). The group
corresponding to this algebra is called sometimes in the Mathematical Physics lit-
erature (see e. g. §10.1 in [1], which is based on [71]) the metaplectic group, but in
reference [58] the term “metaplectic group” is reserved to the 2-fold covering group
of the symplectic group, cf. p. 402 in [58] (see also [3] and [41]). Other names
of the metaplectic representation are the oscillator representation, the harmonic
representation or the Segal-Shale-Weil representation, see references in Chapter 4
of [33] and [21].
• Apparently, the denomination of the semidirect product of the Heisenberg
and symplectic group as Jacobi group was introduced by Eichler and Zagier, cf.
Chapter I in [29]. In their monograph [29], Eichler and Zagier have introduced
the notion of Jacobi form on SL2(Z) as a holomorphic function on X
J
1 satisfying
three properties. One of this properties, generalized to other groups, was studied
by Pyatetskii-Shapiro, who referred to it as the Fourier-Jacobi expansion (see §15
in [65]), and to some coefficients as Jacobi forms, a name adopted by Eichler and
Zagier to denote also the group appearing in this context. The denomination
Jacobi group was adopted also in the monograph [21] and this group is important
in Ka¨hler’s approach, see Chapter 36 in [45].
• The Jacobi algebra, denoted st(n,R) by Kirillov in §18.4 of [48] or tsp(2n +
2,R) in [49], is isomorphic with the subalgebra of Weyl algebra An of polynomi-
als of degree maximum 2 in the variables p1, . . . , pn, q1, . . . , qn with the Poisson
bracket, while the Heisenberg algebra hn is the nilpotent ideal isomorphic with
polynomials of degree ≤ 1 and the real symplectic algebra sp(n,R) is isomorphic
to the subspace of symmetric homogeneous polynomials of degree 2.
• U. Niederer has introduced in [60] and developed in [61] the concept of the
maximal kinematical invariance group (MKI) of the (free) Schro¨dinger equation.
The Schro¨dinger group is a 12-parameter group containing, in addition to the
Galilei group GG3 , the group of dilations and a 1-parameter group of transforma-
tions, called expansions, which is, in some respects, very similar to the special
conformal transformations of the conformal group. Let us consider the wave equa-
tion
∆(t,x)ψ(t,x) = 0, (4.12)
where ∆(t,x) is a wave operator, in particular the Schro¨dinger operator
∆(t,x) = ı∂0 +
1
2m
∆3, (t,x) ∈ R4,
and let
(t,x)→ g(t,x) (4.13)
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be any invertible coordinate transformation g. Equation (4.12) is invariant under
the transformation (4.13) if
ψ(t,x)→ (Tgψ)(t,x) = fg[g−1(t,x)]ψ[g−1(t,x)],
is again a solution of the wave equation when ψ is a wave function of (4.12).
Niederer has determined the (one-cocycle) fg and the Schro¨dinger transformation
g(t,x)=
(
d2
t+b
1+α(t+b)
, d
Rx+vt+a
1+α(t+b)
)
, α, b, d ∈ R, R ∈SO(3),v,a ∈R3. (4.14)
In fact, Tg is a projective representation of the Schro¨dinger group. For the
Schro¨dinger group see also [5]. Another names for the Schro¨dinger group are
the Hagen group or the conformal Galilean group [36]. Other references on the
same subject are [23, 66, 4, 64, 24, 6, 32].
In [26] is given the Levi-Malcev decomposition of the Schro¨dinger group in
n+ 1-space-time dimensions:
Sch(n) =

Rn ×GGn︸ ︷︷ ︸
radical

⋊

SL(2,R)× SO(n)︸ ︷︷ ︸
SS-Levi part

 ,
where the Galilei group is
GGn = (SO(n)⋊R
n)⋊Rn+1.
In the case n = 1, (4.14) with t ∈ C,ℑ(t) > 0, x ∈ C, (d = 1, R = 1) corresponds
to (4.2) with
M =
(
1 b
α 1 + αb,
)
∈ SL2(R), (l1, l2) = (v, a) ∈ R2.
It it interesting that the paper [45] starts with the Chapter Relativita¨t nach Galilei.
The relationship between the Jacobi group GJ , the New Poincare´ group GK , the
de Sitter group SO0(1, 4) and the anti de Sitter group SO0(2, 3), the (standard)
Poincare´ group GP = SO0(1, 3)⋉R
4 and his contraction, the Galilei group GP3 , is
discussed at p. 33 in [46].
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